Homework due Monday, September 29

Definition and Notation: Let I' be any set of formulae. Recall that the nota-
tionI" = ¢ means that, for every structure such thatM = T, it also holds that
M = ¢. The notation” - ¢ means that there is a proof (using some standard
notion of “proof system”) such that every line of the proof is either an element of
" or else follows from some earlier lines according to the inference rules of the
proof system, where the final line in the prootsis

Godel's Completeness Theoremsays thal™ |= ¢ impliesT' - ¢.

2. Using Gdel’s Completeness Theorem, prove that if, for every finite subset
IV C T there is a structurd1 such thatMr = TV, then there is a structur®t
such thatM = I'. (Hint: If there is not a structurd1 such thatM |= I', then
I' = (¢ A —¢) for any formulag.)

3. Consider some set of axiofig such thaiN = I';. Letc be a new constant.
Considerl’, = I''u{c> 1,c> 1+ 1,¢> 1+ 1+ 1,...}. Prove that there is a
structureM such thatM | Ts.

M is called anon-standard model of arithmetidNote thatM contains ele-
ments that are larger than any “standard” integer.

4. LetI’ be some set of axioms that are satisfied by the Natural NuniSers
(where, in particular]’ should require that, for every andy such thatr # v,
eitherz < y ory < x, andI’ should be “reasonable” in the sense that there is a
program that can tell if something is an axiom or not). ¢et, y, ¢, t) be a formula
(in the signature of the first-order theoryldi) such that, for every tuple of closed
terms §,y,c,t), it holds thatlN = ¢(x,y,c,t) if and only if c is a number whose
binary representation encodes a sequengecohfigurations”;, (s, . .., Cy such
thatC'; encodes the initial configuration of Turing machilg on inputy, andCy
is a halting configuration. (The existence of such a formgutallows from some
proofs of Gidel'sincompletenestheorem, which shows that there is a Turing
machine)M, and an inpuy such that\/, does not halt on inpuyt, but there is no
proof fromI" of the (true) statement3tdco(x,y, c, t) — because otherwise there
would be an algorithm to solve the halting problem.) tietlenote the statement
Jtdcop(X,y, ¢, t).

Show that there must be a non-standard mdde(that also satisfieF) such
that M = 4.



